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Abstract
In the present work we consider differential rings of the form (B, D)
where B is a Danielewski surface and D is a locally nilpotent derivation
on B. Influenced by several recent works, we describe the isotropy group
of a locally nilpotent derivation, D, on Danielewski surfaces, in the cases
xy = ϕ(z), xny = ϕ(Z), and f(x)x = ϕ(z).
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1 Introduction
Throughout this paper K denotes an algebraically closed field of characteristic
zero. An additive mapping D : R → R is said to be a derivation of the
K-algebra R, if it satisfies the Leibniz rule:
D(ab) = aD(b) +D(a)b,
for all a, b ∈ R. If A is a subring of R, a derivation of R satisfying D(A) = 0 is
called D an A-derivation. The set of all derivations of R is denoted by Der(R)
and by DerA(R), the set of all A-derivations of R.
We denote by Aut(R) the group of K-automorphisms of R. Observe that
Aut(R) acts on DerK(R) by conjugation
(ρ,D)→ ρ−1Dρ.
Given a derivation D ∈ DerK(R) its isotropy subgroup , with respect to
this group action, is defined by
Aut(R)D = {ρ ∈ Aut(R) | ρD = Dρ}.
In recent years, many authors have addressed properties of this specific sub-
group. For instance, L. Mendes and I. Pan [3, 14] proved that the subgroup o
1
K-automorphism of K[X,Y ] which commutes with simple derivations is trivial.
Moreover, the authors described the isotropy group of a Shamsuddin deriva-
tion and thus showed that D is a simple Shamsuddin derivation if, and only if,
Aut(R)D = {id}. In the general case of more variables, L. Bertoncello and D.
Levcovitz [4], obtained that the subgroup of K-automorphisms of K[X1, . . . , Xn]
which commutes with simple Shamsuddin derivations is trivial.
Surfaces defined by equations of the form XnY = P (Z), have been studied
in many different contexts, see [5, 6, 10, 13]. Of particular interest is their
connection to the cancellation problem. It is common to refer to these surfaces
as Danielewski surfaces, since W. Danielewski [8] was the first to observe their
connection to the famous problem of cancellation.
Some authors (for instance [5, 9]) consider a Danielewski surface (varieties)
to be a surface defined, more generally, by equation
f(X)Y = Q(X,Z) and Xm11 X
m2
2 · · ·X
mn
n Y = Q(X1, . . . , Xn, Z).
In this paper, our goal is to study the isotropy group for Danielewski surfaces
given equations of the form
xy = ϕ(z), xny = ϕ(z) and f(x)y = ϕ(z).
In the first part, we present some basics and well-known examples. The following
sections are then dedicated to the study of the isotropy group in the above classes
of Danielewski surfaces.
2 Basic Concepts and Examples
We denote the group of units of a ring R by R∗. Furthermore we reserve
capital letters X,Y, Z to denote indeterminates over a ring R and we denote
the polynomial ring in X,Y, Z over R by R[X,Y, Z]. The polynomial ring in
n-indeterminates over R is also denoted by R[n]. We reserve the symbol K to
indicate a field of characteristic zero and algebraically closed.
Example 1 Let D = ∂X be the partial derivative with respect to X of K[X,Y ].
Then
Aut(K[X,Y ])D = {(X + p(Y ), a+ bY ) | a, b ∈ K and p(Y ) ∈ K[Y ]}.
See Example 25 of the [1]. ♦
A derivation D is said to be locally nilpotent if for every f ∈ R there is a
n ≥ 0 such that Dn(f) = 0. By a result of Rentschler ([16]) we know that a
locally nilpotent derivation in K[X,Y ] is conjugate to a derivation of the form
u(X)∂Y , where u ∈ K[X ]. Thus, the following example describes the isotropy
group of a locally nilpotent derivation in two variables up to conjugation.
2
Example 2 Let D = f(X)∂Y be the derivation of K[X,Y ], where f(X) ∈
K[X ]. Then
Aut(K[X,Y ])D = {(a+ bX, p(X) + cY ) | a, b, c ∈ K, bc 6= 0 and p(X) ∈ K[X ]}.
Let ρ ∈ Aut(K[X,Y ]), then
ρ(X) = a0(X) + a1(X)Y + · · ·+ at(X)Y
t
and
ρ(Y ) = b0(X) + b1(X)Y + · · ·+ bs(X)Y
s
where ai(X), bj(X) ∈ K[X ].
1. Since ρ(D(X)) = D(ρ(X)) we have
0 = ρ(0) =ρ(D(X))
=D(ρ(X))
=D(a0(X) + a1(X)Y + · · ·+ at(X)Y
t)
=a1(X)f(X) + 2a2(X)f(X)Y + · · ·+ tat(X)f(X)Y
t−1
.
This implies that
ai(X) = 0 for i = 1, . . . , t.
Hence ρ(X) = a0(X) = q(X) ∈ K[X ].
2. As ρ(D(Y )) = D(ρ(Y )) we have
f(ρ(X)) =ρ(f(X))
=ρ(D(Y ))
=D(ρ(Y ))
=D(b0(X) + b1(X)Y + · · ·+ bs(X)Y
s)
=b1(X)f(X) + 2b2(X)f(X)Y + · · ·+ sbs(X)f(X)Y
s−1
.
This implies that
bi(X) = 0 for i = 2, . . . , s.
Hence ρ(Y ) = p(X) + r(X)Y ∈ K[X ].
Remember that since ρ is an automorphism, then the determinant of the Jaco-
bian matrix must be a nonzero complex number. In other words,
Det(Jac(ρ(X), ρ(Y ))) =Det
([
q′(X) 0
p′(X) + r′(X)Y r(X)
])
=q′(X)r(X) ∈ K∗.
So q′(X), r(X) ∈ K∗. Therefore, ρ = (a + bX, p(X) + cY ) with a, b, c ∈ K,
bc 6= 0 and p(X) ∈ K[X ].
3
Recently, R. Baltazar and I. Pan [2] have presented a criterion for deciding
whether that the isotropy group of a derivation is an algebraic group of a poly-
nomial differential ring in two variables. As a particular case, they showed that
the isotropy group of a locally nilpotent derivation never is an algebraic group.
The following observation was proposed by the referee of this work.
Remark 3 Given a locally nilpotent derivation D of a domain R, the isotropy
group Aut(R)D always contains as a subgroup an abelian group isomorphic to
(ker(D);+). Indeed, given any nonzero f ∈ ker(D), fD is a locally nilpotent
derivation whose associated exponential automorphism ρ = etfD commutes with
D. Since R has transcendence degree 1 over ker(D), it follows that for every
domain of dimension greater than or equal to 2, (ker(D);+) is an infinite di-
mensional unipotent group contained in Aut(R)D. In particular, the fact that
Aut(R)D is never an algebraic group for such domains is thus a standard gen-
eral well-known fact, not specific to case of polynomial rings considered in [2].
Furthermore, in view of this observation, it seems that the real interesting prob-
lem concerning isotropy groups of locally nilpotent D derivations is to determine
when Aut(R)D is strictly bigger that (ker(D);+). Note that this correspondence
is already partly mentioned in [11]. Here they define in particular the centralizer
Cpol(∂) of an locally nilpotent derivation ∂ of a polynomial ring C[X ] as the set
of derivations δ which commutes with ∂ (in the sense that the Lie bracket [∂;δ]
is equal to zero, Definition 2.2 p. 41). The same definition makes sense for any
algebra R over a field, and the statement 2. p. 42 in their paper asserting that
Cpol(∂) is a module over ker(∂) implies through the correspondence
ker(∂) ∋ f 7→ e(f∂) ∈ Aut(R)∂
that Aut(R)∂ contains the additive group (ker(∂); +) as a subgroup.
3 The case XY = ϕ(Z)
In this section we study the isotropy group of a class of Danielewski surfaces
given by the most general equation
XY = ϕ(Z),
is thus means that we study the ring
B = K[X,Y, Z]/(XY − ϕ(Z)),
where K is an algebraically closed field of characteristic zero, X,Y and Z are
indeterminates over K, ϕ(Z) with deg(ϕ) > 1. Recall that we can also write
B = K[x, y, z], where x, y and z are the images ofX,Y and Z under the canonical
epimorphism K[X,Y, Z]→ B.
The next result describes a set of generators for the group ofK-automorphisms
of the ring B.
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Theorem 4 ([12, Theorem]) The group Aut(B) is generated by the following
K-automorphisms:
1. Hyperbolic rotations H(x) = λx, H(y) = λ−1y and H(z) = z, where
λ ∈ K∗.
2. Involution I(x) = y, I(y) = x and I(z) = z.
3. Triangular T (x) = x, T (y) = y + [ϕ(z + xh(x)) − ϕ(z)]x−1, and T (z) =
z + xh(x), where h ∈ K[1].
4. If ϕ(z) = c(z − a)d then rescalings R(x) = x, R(y) = λdy and R(z) =
λz + (λ − 1)a, if ϕ(z) = zd; λ ∈ K∗ should be added.
5. If ϕ(z) = (z − a)iQ((z + a)n) and µ ∈ K is such that µn = 1, then a
symmetry S(x) = x, S(y) = µiy and S(z) = µz + (µ − 1)a should be
added.
♦
Let G be the subgroup of Aut(B) generated by the automorphisms I and T ,
defined in the Theorem 4. The group G is called the tame subgroup of Aut(B).
In [6], with the Transitivity Theorem, D. Daigle shows that the action of G on
KLND(B) is transitive.
The next result is a direct consequence of the Transitivity Theorem.
Lemma 5 ([7, Corollary 9.5.3]) Given any D′ ∈ LND(B), there exists θ ∈ G
such that θ ◦ D′zθ−1 = f(x)D for some f(x) ∈ K[x], where D is the unique
element of LND(B) satisfying
D(x) = 0, D(y) = ϕz(z) and D(z) = x.
♦
Note that the previous lemma is a generalization of Rentschler’s Theorem
[16] (recall that K2 is a special case of Danielewski surface).
The following technical lemma is useful to prove the main result of this
section, and the next section.
Lemma 6 Let g(X) be a nonzero polynomial of K[X ]. Suppose that
g(X) = λng(λX),
where n ≥ 1. Then λ is a root of unity.
Proof. By assumption g(X) is a nonzero polynomial. Then there exist t ∈ N
and positive integers 0 ≤ n0 < . . . < nt such that
g(X) =
t∑
l=0
alX
nl ,
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where a0, a1, . . . , at ∈ K
∗. Since g(X) = λng(λX) we have
t∑
l=0
alX
nl = g(X) = λng(λX)
= λn
t∑
l=0
al(λX)
nl
= λn
t∑
l=0
alλ
nlXnl
=
t∑
l=0
alλ
n+nlXnl .
Thereby al = λ
n+nlal and thus λ
n+nl = 1 for l = 0, 1, . . . , t. So λ, for each
l = 0, 1, . . . , t, is a (n+ nl)-th root of unity. Therefore, λ is a root of unity. ♦
The main result this section is
Theorem 7 Let D be the nonzero derivation of B defined by
D(x) = 0, D(y) = g(x)ϕz(z) and D(z) = g(x)x.
Then the isotropy group of B, Aut(B)D, is generated by a finite cyclic group of
form
{(λx, λ−1y, z)| λ ∈ K∗}
together with the triangular K-automorphisms.
Proof. According to the notations of the previous theorem:
1. Note that
H(D(z)) = H(x) = g(λx)λx, D(H(z)) = D(z) = g(x)x,
and
H(D(y)) = g(λx)ϕz(z), D(H(y)) = λ
−1g(x)ϕz(z).
The previous provide that g(x) = λg(λx). The equality g(x) = λg(λx)
implies that λ is a root of unity, by Lemma 6. Thus, the isotropy group
contains the finite group generated by {(λx, λ−1y, z)}.
2. Since that
I(D(x)) = 0 and D(I(x)) = D(y) = g(x)ϕz(z)
we have that ID 6= DI. Then, I /∈ Aut(B)D.
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3. Observe that
T (D(y)) = T (g(x)ϕz(z)) = g(x)ϕz(z + xh(x))
and
D(T (y)) =D(y + [ϕ(z + xh(x)) − ϕ(z)]x−1)
=D(y) +D(ϕ(z + xh(x)) − ϕ(z))x−1
=g(x)ϕz(z) + ϕz(z + xh(x))D(z)x
−1 − ϕz(z)D(z)x
−1
=g(x)ϕz(z) + ϕz(z + xh(x))g(x) − g(x)ϕz(z)
=g(x)ϕz(z + xh(x)).
Thus we have T (D(y)) = D(T (y)). In addition, it is easy to verify that
T (D(x)) = D(T (x)) and T (D(z)) = D(T (z)). Therefore, TD = DT .
4. Since
D(R(z)) = D(λz + (λ− 1)a) = λxg(x) and R(D(z)) = xg(x)
we have R(D(y)) = D(R(y)) if, only if, λ = 1.
5. Since
D(S(z)) = D(µz + (µ− 1)a) = µg(x)x and S(D(z)) = g(x)x
we have S(D(y)) = D(S(y)) if, only if, µ = 1.
The result follows from items 1, 2, 3, 4 and 5. ♦
Remark 8 The famous tame automorphisms are never in the isotropy group
of a locally nilpotent derivation on B.
4 The case XnY = ϕ(Z)
In this section we find the isotropy group of a locally nilpotent derivation for a
class of Danielewski surfaces given by
B = K[X,Y, Z]/(XnY − ϕ(Z)),
where n > 1 and deg(ϕ) > 1.
There is a set of generators for the group Aut(B).
Theorem 9 ([13, Theorem 1]) The group Aut(B) is generated by the following
K-automorphisms.
1. Hiperbolic rotations H(x) = λx, H(y) = λ−ny and H(z) = z, where
λ ∈ K∗.
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2. Triangular T (x) = x, T (y) = y + [ϕ(z + xnh(x))− ϕ(z)]x−n, and T (z) =
z + xnh(x), where h ∈ K[1].
3. If ϕ(z) = zd then the automorphisms R(x) = x, R(y) = λdy and R(z) =
λz, where λ ∈ K∗, should be added.
4. If ϕ(z) = ziφ(zm) then the automorphisms S(x) = x, S(y) = µdy and
S(z) = µz, where φ ∈ K[1] µ ∈ K and µm = 1, should be added.
♦
The next lemma characterizes the locally nilpotent derivations of B.
Lemma 10 ([13, Proposition]) A derivation D of B is locally nilpotent if and
only if
D(x) = 0, D(y) = g(x)ϕz(z) and D(z) = g(x)x
n,
where g(x) ∈ K[x]. ♦
The following result describes the isotropy group of a locally nilpotent deriva-
tion on B.
Theorem 11 Let D be the derivation of B defined by
D(x) = 0, D(y) = g(x)ϕz(z) and D(z) = g(x)x
n.
Then the isotropy group of B, Aut(B)D, is generated by the triangular automor-
phisms T and the hyperbolic rotations H, where λ is a root of unity.
Proof. It is sufficient to verify which automorphisms, given by Theorem 9,
commute with D.
1. It is clear that H(D(x)) = D(H(x)). Now observe that
H(D(y)) = g(λx)ϕz(z) and D(H(y)) = λ
−ng(x)ϕz(z).
Then
g(λx) = λ−ng(x) or g(x) = λng(λx).
This implies, by Lemma 6, that λ is a root of unity. In the same way
H(D(z)) = D(H(z)) implies that λ is a root of unity. So HD = DH
implies that λ is a root of unity.
2. It easy to check that T (D(x)) = D(T (x)) and T (D(z)) = D(T (z)). Since
T (D(y)) = T (g(x)ϕz(z)) = g(x)ϕz(T (z)) = g(x)ϕz(z + x
nh(x)), and
D(T (y)) =D(y + [ϕ(z + xnh(x)) − ϕ(z)]x−n)
=D(y) +D(ϕ(z + xnh(x))x−n −D(ϕ(z))x−n
=g(x)ϕz(z) + ϕz(z + x
nh(x))D(z + xnh(x))x−n − ϕz(z)D(z)x
−n
=g(x)ϕz(z) + ϕz(z + x
nh(x))g(x)xnx−n − ϕz(z)g(x)x
nx−n
=g(x)ϕz(z) + ϕz(z + x
nh(x))g(x) − ϕz(z)g(x)
=g(x)ϕz(z + x
nh(x)).
we have D(T (y)) = g(x)ϕz(z + x
nh(x)) = T (D(y)). Thus TD = DT .
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3. If ϕ(z) = zd then the K-automorphisms R(x) = x, R(y) = λdy and
R(z) = λz, where λ ∈ K∗, should be added. It is a simple matter to show
that D(R(x)) = R(D(x)). Note that
D(R(y)) = D(λdy) = λdD(y) = λdg(x)ϕz(z) = dλ
dg(x)zd−1,
and
R(D(y)) = R(g(x)ϕz(z)) = g(x)ϕz(R(z)) = g(x)ϕz(λz) = dλ
d−1g(x)zd−1.
Furthermore,
D(R(z)) = D(λz) = λg(x)xn and R(D(z)) = R(g(x)xn) = g(x)xn.
So λ = 1 and finally we have R = Id.
4. The proceeding to verify that S = Id is analogous to the previous item.
♦
Nowicki proved that there are simple derivations in two variables with an
arbitrarily large Y-degree (see [15]) on K[X,Y ]. A natural question is to deter-
mine examples of derivations where the isotropy group is arbitrarily large. We
note that the following derivation has this property on K[X,Y ]:
Let
d = X∂X + (Y
s + pX)∂Y , p ∈ K
∗ , s ≥ 2
and write
ρ(X) = a0(X) + a1(X)Y + . . .+ ar(X)Y
r , ar 6= 0
ρ(Y ) = b0(X) + b1(X)Y + . . .+ bt(X)Y
t , bt 6= 0
Then
ρ(d(X)) = ρ(X) = a0 + a1Y + . . .+ arY
r
and
d(ρ(X)) = d(a0 + a1Y + . . .+ arY
r)
= Xa′0(X) +Xa
′
1(X)Y + . . .+Xa
′
r(X)Y
r +
+a1(X)d(Y ) + . . .+ rar(X)Y
r−1d(Y )
= Xa′0(X) +Xa
′
1(X)Y + . . .+Xa
′
r(X)Y
r +
+a1(X)(Y
s + pX) + . . .+ rar(X)Y
r−1(Y s + pX)
From d(ρ(X)) = ρ(d(X)) it follows that arY
r = rar(X)Y
s+r−1 and so r = 0
(since s ≥ 2). Thus
ρ(d(X)) = ρ(X) = a0(X) = c0 + c1X + . . .+ clX
l , ci ∈ , cl 6= 0
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and
d(ρ(X)) = d(c0 + c1X + . . .+ clX
l)
= Xc1 + 2c2X
2 + . . .+ lclX
l
Again, from d(ρ(X)) = ρ(d(X)) it follows that clX
l = lclX
l, so l = 1, and
c0 = 0. Thus ρ(X) = cX for some c ∈ K
∗.
Analogously,
ρ(d(Y )) = ρ(Y s + pX) = ρ(Y )s + pρ(X)
= (b0(X) + b1(X)Y + . . .+ bt(X)Y
t)s + pcX
and
d(ρ(Y )) = d(b0(X) + b1(X)Y + . . .+ bt(X)Y
t)
= Xb′0(X) +Xb
′
1(X)Y + . . .+Xb
′
t(X)Y
t +
+b1(X)d(Y ) + . . .+ tbt(X)Y
t−1d(Y )
= Xb′0(X) +Xb
′
1(X)Y + . . .+Xb
′
t(X)Y
t +
+b1(X)(Y
s + pX) + . . .+ tbt(X)Y
t−1(Y s + pX)
From d(ρ(Y )) = ρ(d(Y )) it follows that bt(X)Y
st = tbt(X)
sY s+t−1, so t = 1
and b1(X)
s−1 = 1. In particular, b1 ∈ K and ρ(Y ) = b0(X) + b1X . But then
ρ(d(Y )) = d(ρ(Y )) =⇒ (b0(X) + b1Y )
s + pcX = Xb′0(X) + b1(Y
s + pX)
=⇒ sbs−11 Y
s−1b0(X) = 0
=⇒ b0(X) = 0.
and
ρ(d(Y )) = d(ρ(Y )) =⇒ bs1Y
s + pcX = b1Y
s + b1pX)
=⇒ b1 = c.
Thus ρ(X) = cX and ρ(Y ) = cY , where c ∈ K∗ with cs−1 = 1. Therefore
Autd(K[X,Y ]) = {(X,Y ) 7→ (c
iX, ciY ) | cs−1 = 1, 0 ≤ i ≤ s− 1} ∼= Z/(s− 1).
Remark 12 Note that just as we offer an example of derivations where the
isotropy group is arbitrarily large in K[X,Y ], so there is a natural question
about examples in B.
Example 13 Let B be the ring K[x, y, z], where xny = ϕ(z), n ≥ 2. Let D be
a derivation of B, defined by
D(x) = 0, D(y) = ϕz(z) and D(z) = x
n,
and λ be a primitive n-th root of unity. Then, by Theorem 11, Aut(B)D is
generated by Triangular automorphisms T
T (x) = x, T (y) = y + [ϕ(z + x2h(x)) − ϕ(z)]x−2 and T (z) = z + x2h(x),
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and Hyperbolic rotations H, where h ∈ K[1] and λn = 1. Indeed, the automor-
phism
H(x) = λx, H(y) = λ−ny and H(z) = z
satisfies HD = DH if and only if λn = 1, see Lemma 6 with g(x) = 1.
Example 14 Let B be the ring K[x, y, z], where x2y = ϕ(z). Let D be a deriva-
tion of B, defined by
D(x) = 0, D(y) = (x+ 1)ϕz(z) and D(z) = (x+ 1)x
2.
Then the automorphism
H(x) = λx, H(y) = λ−2y and H(z) = z
satisfies HD = DH if and only if λ = 1. Therefore, by Theorem 11, H = id
and Aut(B)D is generated by Triangular automorphisms T such that
T (x) = x, T (y) = y + [ϕ(z + x2h(x)) − ϕ(z)]x−2 and T (z) = z + x2h(x),
where h ∈ K[1].
5 The case f(X)Y = ϕ(Z)
In this section, we study the isotropy group of any locally nilpotent derivation
of the class of Danielewski surfaces, given by the ring
B = K[X,Y, Z]/(f(X)Y − ϕ(Z)),
where K is an algebraically closed field of characteristic zero, X,Y and Z are
indeterminates over K, ϕ(Z) ∈ K[Z], m > 1, and deg(f) > 1. Recall that we
can also write B = K[x, y, z], where f(x)y = ϕ(z) and x, y and z are the images
of X,Y and Z under the canonical epimorphism K[X,Y, Z]→ B.
Let d be a derivation on the polynomial ring K[X,Y, Z] such that
d(X) = 0, d(Y ) = ϕZ(Z), and d(Z) = f(X).
It follows that d is locally nilpotent, since it is easy to see that d is triangu-
lar. Moreover, note that d(f(X)Y − ϕ(Z)) = 0 and, thus, d induces a locally
nilpotent derivation D on B given by
D(x) = 0, D(y) = ϕz(z), and D(z) = f(x).
The next result characterizes the locally nilpotent nilpotents of the B.
Lemma 15 ([5, Corolary 8]) If D is the derivation of B given by D(x) = 0,
D(y) = ϕz(z) and D(z) = f(x), then LND(B) = {hD | h ∈ K[x]}. ♦
There is a set of generators for the group of K-automorphisms of the ring B.
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Theorem 16 ([5, Theorem 15]) The group Aut(B) is generated by the K-
automorphisms:
1. H defined by H(x) = λx, where λs = 1, H(y) = λjy and H(z) = z, if
f(X) = Xjh(Xs), with h ∈ K[1] having a nonzero root;
2. T defined by T (x) = x, T (y) = y + [ϕ(z + h(x)f(x)) − ϕ(z)]f(x)−1, and
T (z) = z + h(x)f(x), where h ∈ K[1];
3. R defined by R(x) = x, R(y) = λdy and R(z) = λz, if ϕ(z) = zd;
4. S defined by S(x) = x, S(y) = µiy and S(z) = µz where µm = 1, if
ϕ(z) = ziφ(zm), with φ ∈ K[1].
♦
The following theorem is the main result of this section.
Theorem 17 Let D be a locally nilpotent derivation of B. Then the isotropy
group of B, Aut(B)D, is generated by a finite cyclic group of form
{(λx, y, z)| λ ∈ K∗}
together with the triangular K-automorphisms.
Proof. Let D be a locally nilpotent derivation of B. By Lemma 15
D(x) = 0, D(y) = g(x)ϕz(z) and D(z) = g(x)f(x),
for some g(x) ∈ K[x]. The proof consists in determining which automorphisms,
from Theorem 16, commute with D.
1. A trivial verification shows that TD = DT (similar to the case XnY −
ϕ(Z)).
2. Let H be the automorphism defined by H(x) = λx, where λs = 1,
H(y) = λjy and H(z) = z, if f(X) = Xjh(Xs), with h ∈ K[1] having
a nonzero root. Note that
H(D(x)) = H(0) = 0 = D(λx) = D(H(x)),
H(D(y)) = g(λx)ϕz(z) and D(H(y)) = λ
jϕz(z)g(x)
and
H(D(z)) = g(λx)f(λx) and D(H(z)) = g(x)f(x).
If HD = DH we have g(λx)f(λx) = g(x)f(x). It thus implies that
g(λx) = g(x). And since that g(λx)ϕz(z) = λ
jϕz(z)g(x) we have ϕz(z) =
λjϕz(z). So λ
j = 1.
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3. Let R be defined by R(x) = x, R(y) = λdy and R(z) = λz, if ϕ(z) = zd.
Note that
R(D(y)) = g(x)ϕz(λz) and D(R(y)) = λ
dg(x)ϕz(z).
If RD = DR we have g(x)ϕz(λz) = λ
dg(x)ϕz(z) and ϕz(λz) = λ
dϕz(z).
Since ϕz(z) = dz
d−1 we have dλd−1zd−1 = dλdzd−1. This implies λ = 1
and R = id.
4. Let S be defined by S(x) = x, S(y) = µiy and S(z) = µz where µm = 1,
if ϕ(z) = ziφ(zm), with φ ∈ K[1]. Note that
S(D(z)) = g(x)f(x) and D(S(z)) = µg(x)f(x).
Then g(x)f(x) = µg(x)f(x) which implies µ = 1. Therefore, if DS = SD
we have S = Id.
The result follows from items 1, 2, 3 and 4. ♦
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